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General classes of utility representations are introduced which are partially addi-
tive. Preferences that admit such representations are characterized.
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1. INTRODUCTION

Consider a preference =~ over a product set X x Y where X is A" for some interval
Ain in R, Y is B" for some topological space B, and n > 3. When 2~ admits the
utility representation

V(x,y) = f(Zhi(:ri,y),y) for all (x,y) € X xY,

where x = (z1,...,7,), we say that it is weakly partially separable. When each y;
is thought of as a “characteristic” associated with the dimension i, and z; is the
observed outcome along that dimension, we can ask for additional separability in the
form:

V) = F( 0 hilwi ), y) forall (x,y) € X x Y,
=1

where y = (y1,...,y,). That is, the characteristics y; for k # i,7 do not influence
the pairwise ranking of situations which only differ in the ¢th and jth dimensions.
We refer to this representation as partially separable. A further natural subclass has
the form:

n
V(x,y) = f(Zh**(xi,yi),y> for all (x,y) € X xY;
i=1
that is, controlling for the “characteristics” y, the partially separable representation
is anonymous. We characterize preferences which admit such partially additive (util-
ity) representations.

If Y is a singleton, then the above three forms reduce to additive utilities as in
DEBREU [1960], GORMAN [1968] and WAKKER [1988].

The rest of the article is organized as follows. Section 2 discusses some appli-
cations. Section 3 presents the axioms and the representations. Section 4 presents
the main results and Section 5 outlines the proof strategy. Section 6 comments on
“continuity” aspects of the representations.
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2. APPLICATIONS

Let there be n states of the world, with x; the scalar prize in state i, and suppose
that y; is the probability of state 7. The ordering = is a preference ordering of lot-
teries of the form (x,y). Then a weakly partially separable representation is one in
which there is separability across states, but not one that is necessarily linear or even
separable in probability. That corresponds to a literature on non—expected utility
theory starting from ALLAIS [1953], KAHNEMAN & TVERSKY [1979], and MACHINA
[1982]; for a survey, see STARMER [2000].

Let 1,...,n refer to individuals, z; to their income or educational attainment (or
any outcome describable by a scalar) and y; to some individual-specific characteristics
that might need to be invoked to evaluate the social implications of x, such as age,
gender, race or disability. The ordering 7~ might now refer to a social planner’s wel-
fare ordering over different outcome distributions. While those distributions may be
separable across individual achievements, the compositional balance of society might
matter in non-separable ways.

Let 1,...,n refer to commodities, x; to their production levels, and y; to some
good-specific characteristic such as market value at international prices and social
value with respect to pollution or need or cultural importance. The ordering 7~ might
now refer to a social planner’s welfare ordering over different production composition,
taking into account both market and social values. This is a common feature of so-
cial GDP accounting, expanded to take note of pollution or non-market household
production; see, e.g., DASGUPTA & MALER [2000].

Let 1,...,n refer to individuals, y; to their baseline incomes, and y; to the subse-
quent growth rate of that income. Then - may be viewed as a ranking of economic
mobility over pairs of situations described by baseline income and income-specific
growth rates. GENICOT & RAY [2021] use our results to axiomatize a mobility mea-
sure of the form

—x; for some a > 0,
ZZ

J1J

which is partially separable and anonymous, but is not separable in y.

3. SETTING

Notation. Let N be the set of indices {1,...,n}. For any pair of n—-dimensional
vectors z and z’, and I C N, (z;,z’N\I) is the vector whose jth component is z; if
J €1, and 2} if j € I. For distinct 4, j € N, we write ij to denote {7,j} . For i and
jin N, we use —i and —ij to denote N \ {i} and N \ {i, j} respectively, so vectors
such as z_; or (z;;,2z" ;) have the obvious interpretation.

For any n—dimensional vector z and permutatlon o of N.° z, is the vector whose
ith component is z,(; for each ¢ € N. For any x,x" € R", write x > x" iff ; > ] for
every i € N, and x > x" if x > x" and x # x'.

Setting. Forn > 3, let X be A™ where A is any interval in R and Y be a topological
space B, with typical elements x = (z1,...,x,) and y = (y1,...,Yn). A preference is
a complete and transitive binary relation 77 on X x Y, with > and ~ as its strict and

5A permutation of N is a bijection o : N — N.



indifference components. Some axioms on = follow. All free variables that appear
below are universally quantified over their respective ranges.

Al.  Any strict upper (lower) contour set of (x,y) is open in X x Y.

A2, x>x = (x,y) - (X,y).

A3. (XLXN\I; Y) Z (X/IvXN\I; Y) iff (XIaX§\7\1§ Y) z (X}»X/N\I; Y)-

Ad (X, X Yij Y—ij) Z (Xéjax—igﬁ Yij7Y—ij) if and only if :
(Xijs X—ij 5 Yijo yLij) z (x;j,x,l-j; yijayiij)

A5 (%) ~ (%0, Y,)

Vi X XY — R is a representation of 77 if or every (x,y) and (x’,y’) in X x Y=

(xy) 2 (xy) <= Vixy) 2 uX,y)

DEFINITION 1: A weakly partially additive representation for 7~ is a tuple (V, f, {h; }ien)
such that (1) 6 — h;(0,y) is strictly increasing for § € A, for any y € Y, (2)
0 — f(0,y) is strictly increasing over all § in the range of ).  hi(z;,y), for each
y €Y, and (3) the map V : X x Y — R defined by:

Vi(x,y) = f(Zhi(xiaY)a Y)

for all (x,y) € X x Y, is a continuous utility representation of -.

DEFINITION 2: A partially additive representation for =~ is a weakly partially additive
representation for 7, (V, f,{hf}ien), in which each function h! can be written as
hi(z,y:) (i-e., it does not depend on y_;).

DEFINITION 3: A partially additive representation for ==, (V, f,{h!}icn), is anony-
mous there is a function h** with h} = h** for every i € N.

4. MAIN RESULTS

With the formalism in place, three representation theorems follow.

THEOREM 1: A preference = satisfies axioms Al to A3 if and only if 7 admits a
weakly partially additive representation.

THEOREM 2: A preference = satisfies axioms Al to A4 if and only if 7 admits a
partially additive representation.

THEOREM 3: A preference = satisfies axioms Al to A5 if and only if = admits a
partially additive representation that is anonymous.



5. PROOF STRATEGY

This section has two objectives. First, an overview of the proofs of existence of
representations. The body of lemmas critical to this are stated and it is argued that
they prove the existence claims. Second is the necessity of the axioms. The following
lemma, established using Debreu’s results on existence of additive representations, is
the heart of theorems 1 to 3.

LEMMA 1: If 7z satisfies axioms Al to A3, then there exists maps hy,..., hy, :
R XY — R such that:

(a) For each i € N and any 'y € Y, the map 0 € R — h;(0,y) € R has full range
and 1is strictly increasing, and

(b) Foreachy eY,xe€ X > . yhi(x,y) represents I |xxiy}-

From 1la and 1b it is immediate that A2 is necessary for 2 to have type 0 represen-
tation because the map f in a type 0 representation is strictly increasing in its first
argument. Further, 1b implies that A3 holds for = if it has a type 0 representation.
As type 0 representations are continuous, the necessity of Al follows.

Thus, axioms Al to A3 are necessary conditions on 2~ to admit type 0 representa-
tions. These axioms are also necessary for 7~ to admit type 1 or type 2 representations.
This is so because both type 1 and type 2 representations are type 0 representations
by definition.

The ith map, in the n—tuple of maps whose existence is asserted by lemma 1,
has y as its second argument. These maps possess more structure under additional
axioms on the preference.

LEMMA 2: Suppose 77, satisfies A4 and hy,..., h, : R XY — R satisfy:

(1) For each i € N and any 'y € Y, the map 0 € R — h;(6,y) € R has full range
and 1is strictly increasing, and

(2) ForeachyeY,x e X = >, yhi(z;,y) represents 7 | xx{y}-
Then, there exists hy,...,h} : R x Ry ; — R such that:

(a) For each i € N and any y; € Ry, the map 6 € R — h(0,y;) € R has full range
and 1s strictly increasing, and

(b) ForeachyeY,xe X Y .y hi(w,y) represents 7 | xxiy}-

The above lemma asserts that the ith map, in the n—tuple of maps in lemma 1,
can be taken to be such that its dependence on y is only through the 7th component
y;. This is ensured by assuming that >~ additionally satisfies axiom A4. However,
the ith map may perhaps depend on the index i. The next lemma asserts that this
dependency may be assumed to be absent if >~ also satisfies axioms A5.

LEMMA 3: If Z satisfies A5 and hy,... h R x Ry, — R satisfy:

(1) For each i € N and any y; € Ry, the map 6 € R— hi(0,y;) € R has full range
and 1s strictly increasing, and



(2) Foreachy €Y, x€ X — > .y hi(xi,y;) represents 7 | xxiy}-
Then, there exists h** : R x Ry, — R such that:

(a) 0 € R— h™(0,p) € R has full range and is strictly increasing, and
(b) Foreachy Y, x e X = Y .\ h™"(z;,y;) represents 7 |x xqy}-

The necessity of A4 for type 1 and type 2 representations is clear as h! depends
on y only through y; allowing “cancellations”. Further, A5 is obviously necessary for
type 2 representations.

Lemmas 1 to 3 assert the existence of additive representations for - | Xx{y}. How-
ever, to arrive at type m representations, it is required to assert the existence of an
“aggregator” f such that the composition, say V : X x Y — R, yields an utility
representation of 7~ over all of X x Y. Further, this should be accomplished in such
a way that V' is continuous. The following lemma addresses these concerns.

LEMMA 4: Suppose the maps hq, ..., hy : R xY — R are such that:

(1) For each i € N and any y € Y, the map 0 € R + hi(0,y) € R has full range
and 1s strictly increasing, and

(2) Foreachy €Y, x € X — ) .y hi(xi,y) represents = |xx{y}-
Then, there exists a map f: R XY — R such that:
(a) Foreachy €Y, 0 e Rw— f(0,y) € R is strictly increasing, and

(b) The map V : X xY — R defined by:

Vey) = f( 3 hilwsy), y) for all (x,y) € X x Y,

iEN
is a continuous utility representation of -.

Theorem 1 follows by invoking lemmas 1 and 4. Further, theorem 2 follows by
invoking lemmas 1, 2 and 4. Lastly, theorem 3 follows by invoking lemmas 1 to 4.
Thus, the theorems stand proven if the lemmas are established. This is done in the
Appendix.

6. FURTHER COMMENTS

In definitions 1 to 3, only the composite map V is demanded to be continuous.
However, if the constituent maps hq, ..., h, and f are also required to be continuous
by the definitions of the representations, then theorems 1 to 3 continue to hold. The
key idea is as follows.

Consider y!' and y? in Y which are close. Then, each “indifference surface” of =
| xx{y2} on the section X x {y?} is arbitrarily close to each corresponding “indifference
surface”, from a system of such surfaces, of 2 |xx(y1} on the section X x {y'}. This
is because the preference 77 is continuous over the whole of X x Y. This uniform
convergence of the “indifference surfaces” must be utilized while extending Debreu’s
construction. Then, lemma 4 achieves an obvious upgrade.



APPENDIX

ProoOF OF LEMMA 1: Fix an arbitrary y € Y. Define >, over X as:
x>y X = (x,y) 2 (X.y)

With Sy = X x {y}, note that {(x',y) € Sy : (X',y) > (x,y)} is equal to Sy N
{(x',y') e X xY : (x',y) = (x,y)} for any x € X. Since Al holds for 7, it follows
that {(x',y) € Sy : (x/,y) > (x,y)} is open in S, for each x € X. Since the projection
map (x',y) € Sy — x’ € X is an open map, it follows that {x' € X : (x',y) > (x,¥y)}
is an open set in X. That is, the set {x’ € X : x’ >y x} is open in X by the definition
of >,. Similarly, the set {x’ € X : x >, x'} is open in X. Thus, >, is continuous.
Further, A3 holds 7—. Thus, we have:

(X1, xn\1) >y (X7, Xw1) <= (X1, X)) =y (X7, Xy 7)

Hence, by Debreu’s theorem on existence of additively separable utility represen-
tations (theorem 5.5 of page 71 in FISHBURN [1970]), there exists maps Ay, ..., hY :
R — R such that x € X — >°._\ hY(x;) represents >y. Further, the construction
in the proof shows that kY has full range (see step 6 of theorem 5.4 in FISHBURN
[1970]). Since 7 satisfies A2, it follows that h) is strictly increasing. Now, for each
1 € N, define h; : R xY — R by:

hi(z;,y) = hY(x;) for every (z;,y) € R X Y.

Thus, by the definition of >y and the properties of (hY,...,hY), the proof of the
lemma is complete. W

PrROOF OF LEMMA 2: Fix y* € Y and let y € Y be arbitrary. Let ¢ be 1 and let
j,k € N\ {1} be distinct. Let y' :=y and y* = (y,;,y" ;). Fix x*,; € R*™>. Since
x € X = ),y hi(w;,y) represents 2 |xxfy} and 7 satisfies A4, both the following
maps:

(z1,7;) € R® = hy(z1,¥") + hy(2;,y Z hy(z},y"), and
leN\{1,5}

(z1,7;) € R® = hy(z1,¥%) + hy(x;,y Z hi(z,y?)
leN\{1,5}

represent the same (weak) order over R?. That is, there exists a (weak) order over
R? such that it admits the following two maps as its additive utility representations:

(1’1,953') ER’ hl(x17y1> + h-(xj,yl) and
(xlaxj) €R*— h1($1,y )+ h; (%7 )

By theorem 5.4 on page 65 of FISHBURN [1970], there exists & > 0 and 3,5’ € R



such that the following hold:

hi(x1,y") = ahi(z1,y?) + 3 for all 2; € R, and
hj(x;,y') = ahj(z;,y?) + B for all z; € R.

Fix z*, 2** € R such that 2** > z*. Now, define o/ : Y — R, and ﬁ{,ﬁj Y - R
as follows:

iy @™y — (e yh)
o’ (y) = (@™ y?) = hy (2", y2)’ and
B{(y) = hi(z*,y") = o (y) (2", ¥?),
B (y) = hi(a",y") — & (y)hy(z*, %)

for all y € Y. It follows that o = ai(y), = B(y) and ' = Bj(y) Thus, for any
y € Y, we have the following:

hi(x1,y) = o (y)hi(zr;y . yiy) + Bl(y) for all z; € R (1)
hi(z,y) = o (y)hj(z;; Y1 ¥ 1) + Bi(y) for all z; € R (2)

Similarly, for any y € Y, the following holds:

hi(a1,y) = ()i (21 y 1, yE0) + By (y) for all 2, € R (3)
i y) = 05 (3) (5 Y10y 10) + B3(y) for all 2, € R @)

for some maps o : Y — R, and 37,85 : Y — R. Now, (3) implies:
hl(xl;Y1j7y>{j) = ak(Y1j7y>{j)h1(l’1;ylayi1) + ﬁf(}ﬁpy;j)
for all ; € R. Substituting this in (1), we have:
hi(z1,y) = ahi(x;91,y" ) + B for all z; € R, (5)

for some a > 0 and 8 € R. Recall, *,2** € R are such that z** > x*. Now, define
the maps a1 : Y — R, and 81 : Y — R as follows:

hl(ﬁ**y}’) - h1($*a}’)
L@y, y ) — ey, y5,)
Bl(Y> = hl(l'*, Y) - Ql(Y)h1($*7 Y1, y*—l)

and

ar(y) = A

for all y € Y. Thus, @ = a1(y) and 8 = f1(y). Then, (5) implies:

hi(z1,y) = a1(y)ha(z1; 91, y" ) + Bi(y) for all 3 € R (6)

for all y € Y. Similarly, for any j > 2, there are maps o; : Y - Ry and 3, : Y = R
such that, for any y € Y, the following holds:

hi(z;y) = oj(y)hj(x;:y5,¥2;) + B;(y) for all z; € R. (7)



Fix an arbitrary j € N \ {1}. From (1) and (6), we have:
a1 (y)hi(zis v, y2y) + Bily)
=« (Y)[Oél(yU;y—lj)hl(ml; Y1, ¥41) + ﬂl(ylpyilj” + 6{(3’)7

which simplifies to the following:

[ (y) — aj(}’>041 (Y1j§ yiu)%l (1391, 5"1) (8)
= B(y) = [B1(y) — & (¥)Bi(ys, ¥51;)] (9)

for all ; € R. Since (9) is independent of z; but (8) is not, we have:

an(y) = o (y)on (y;:y"4;) (10)
Similarly, (2) and (7) imply the following identities:

a;j(y) = o’ (y)o;(y1;3¥715) (11)

From (10) and (11), for every j > 2: a;(y) = p/(yy;)aa(y) where p(y,;) =
aj(Ylj?y*—lj)/al(Y1j>yi1j)' Thus, (6) and (7) imply:

Z hi(zi,y) = ar(y)[hi (2191, 55,) + Z 1 (v hi (s yi, )] + B(y)

where B(y) = >,y Bi(y). Since x € X = Y.\ hi(z;,y) is a utility representation
of 77 [xx{y}, the following map:

x € X = hi(ziyny'y) + > p(y)hi(zs v y",) (12)
=2

is a representation of 7 |xx(y}. Now, fix an arbitrary j > 3. By A4, each of the
following maps:

(w2, 2;) € R® MZ(Y12)h2(I2; Y2, ¥ o) + Mj(yu)h‘(%'; yj7yij) and

(23, 7) € R? = 1 (y7, y*)ha(0; 42, ¥ o) + 17 (07, 95 (5 95, 55 5)

represents the same (weak) order over R%. Further, each is additive. Thus, there
exists maps p¥ : Y — R, and 5 5 : Y — R such that:

Ty P (Yr s yo) ha(a; ya, ¥ o) + fgj(}") (13)
Tt yi)hy (5305, 775 + 67 (y) (14)

for all zo,2; € R. Since @y — ho(z2; Y2,y ,) is strictly increasing, by (13) we obtain
the following:

12 (Y 12) ha (225 Y2, y7 )

0>
1 (y1;)hi (5505, ¥7 ) = p°

12(y12) = p7 ()i’ (yi,y2) and &7 (y) = 0. (15)



Similarly, (14) leads to the following identity:
1 (y1;) = p? ()1 (v, y;) and & (y) =0. (16)

Now, (15) and (16) imply: 1/ (yy;) = [ (v}, y;) /1 (Yt y2) |10 (1) for every j > 3.
Thus, we have:

ha(ziy1,y5) + Z (v ha(wis v, y25)
i=2
_ . Y12
- hl<x17yl>y 1 y Z/L ylayl x“yHY—z)
1’ 1=2
2 *
1 (y12) [H (y1>y2)
— - hl(xl;yhy + /j’ y 7yz I'z,yz,y )]
12(yi,y2) L 12(y) Z '
2 2 *
1 (y12) [u (Y1, y2) ) .
= * hl(‘rl;yhy- )+ hl(xwyz)}u
12yt y2) b (ys) ' Z:

where, for each ¢ > 2, the map A : R x Ry, — R is defined by:
hi (s, ys) = p' (Y, v ha(s ye, y*,) for all (4, y;) € R X Ry

Since (12) is a representation of 2 |xx{y}, so is the following map:

we X KWL v +Zh 70,31, (a7
2 <Y12)

Then, as 7~ satisfies A4, each of the following maps:

12 (Y3, y2)
MQ(Y12)
,u2 (y12) h

1

12 (Y1, y3)

(z1,23) € R? hi(z1; 91,y 1) + hi(xs,y3), and

(21, x3) € R? (1591, ¥5,) + hi(xs, y3)

represents the same (weak) order over R? and are additive. Thus, there exists maps
v:Y = Ry, and 1,73 : Y — R such that:

iﬁ?—fy’li’?m<xl;ybyil>=w<y>u(( §)h1<x1;y1,y:>+m<y>, (18)
B (s, ys) = y)h (e us) + 7s(y) (19)

for all 1, z3 € R. Since x3 — h}(xs,ys) is strictly increasing, (19) implies: ¥(y) =1
and n3(y) = 0. Thus, (18) reduces to:

— hi(zi;y1,y7,) = m(y) for all z; € R.

[uz(’yi‘ ) A(yT)
12(yi) K2y, u5)



As xy — hy(x1;91,y" ) is strictly increasing, we have: 7,(y) = 0, and

A1 ) 17 (Y10) = 12 (50) /1 (01, 93) (20)
Define the map A7 : R x R — R as follows:

Wi(x1,y1) = [P (¥52) /17 (yr. y3)ha (20 41, 5 )

for all (z1,71) € R x Ryy. By (17) and (20), x € X +— > .y hi (2, y:) represents
% |xx{y}- Note, for all i € N, the map ¢ € R — hi(f,y) € R is full range and

strictly increasing. This follows from the definition of (A7, ..., h}) and the properties
of (hi,... hy). W

ProoOF oF LEMMA 3: Fix an arbitrary y € Y. By A5, the maps:

(z1,79) € R? = hi(z1,91) + hi(29,12), and
(xlva) € R2 = h;(xbyl) + h;(l’g,y2>

represent the same (weak) order over R? and are additive. Thus, there exists a > 0
and 3,8 € R such that:

h3(p,0) = ahi(p,0) + By for all p € R, (21)
hi(p,0) = ahs(p,0) + B> for all p € R (22)

for all 8 € R, .. Fix p,, p.s € R such that p,. > p.. Now, define the maps o : R, —
R,, and 1,02 : R,y — R as follows:

h5(pass 0) = D3 (s, 0)
a(f) = 2 20 forall 0 € Ry,

O R (e )~ (1,0 o

B1(6) = K., 0) — (B (., 0) for all 6 € R,

B:(0) = (., 0) — a(0)3 (., ) for all 6 € R,
From (21), we have: a = a(#). Thus, (21) and (22) imply: £; = £1(0) and 5y = 52(0).
Hence, we obtain the following:

B5(0,0) = a(O)h(p, 0) + r(0) for all p € R, (23)

hi(p,0) = a(0)h;(p, 0) + Ba(0) for all p € R (24)

Thus, (23) and (24) imply the following:

(1= [0(O)) Ka(p,0) = a(0)3:(6) + 2 (6) for all p € R. (25)

Since p + h3(p,0) is strictly increasing, (25) implies: [«(#)]? = 1 Also, a(6) > 0.
Thus, we have: a(f) = 1. Substiuting in (25), we obtain: £;(0) + B3(f) = 0. The
argument thus far has been for indices 1 and 2. Clearly, this could have been done

for any arbitrary pair of distinct indices ¢ and j in N. Thus, there exist maps h** :
RxR,, ->Rand fy,...,5,: Y — R such that:

hi(zi,yi) = h*(zi, y:) + Bi(y) for all (z;,y) e R x Y.
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Hence, Y .o hi (25, 4i) = D ien P (25, 4i) + D ,cn Bi(y). That is, the map x € X
Y ien W (@i, y;) represents | xxqyy forally ¢ Y. B

PROOF OF LEMMA 4: Since 7 satisfies A1, there exists a coninuous map V' : X xY —
R such that V' represents 27. In particular, the map x € X +~ V(x,y) represents

% | xxgyy- Further, the function x € X — >, _ hi(x;,y) represents 2 |x(y}. Hence,
there exists a strictly increasing map ¢¥ : R — R such that:

V(x,y) = ¢y(z (s, y)) for all x € X. (26)

iEN
Fix an arbitrary y € Y. Choose a map § € R — x? € X such that: § =

Sien hi(zf,y) for all € R. Also, define f(6,y) == ¢¥(0). Clearly, 6 — f(0,y) is
strictly increasing. Thus, (26) implies:

V(xly) = f(Zﬁi(:L’f,y),y> for all 0 € R. (27)

i€EN

Since y € Y is arbitrary, (27) holds for ally € Y.
Fix an arbitrary x € X. Define 0 = ) ._\ hi(x;,y). Also, we know: 6 =

Y oien hi(z¢,y). Thus, Yoien hi(Tiy) =D ien hi(z¢,y) which gives,

f(ZBi(xf=Y)7Y> = f(Z’_lz‘(IuY)’Y)- (28)

1EN 1EN

Further, since x' € X — Y.,y hi(a},y) represents 2 |xx(y}, we have: (x%,y) ~
(x,y). That is, V(x,y) = V(x,y). Therefore, (27) and (28) complete the proof of
the claim. W
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